We systematically investigate scrambling (or delocalizing) processes of quantum information encoded in quantum many-body systems by using numerical exact diagonalization. As a measure of scrambling, we adopt the tripartite mutual information (TMI) that becomes negative when quantum information is delocalized. We clarify that scrambling is an independent property of integrability of Hamiltonians; TMI can be negative or positive for both integrable and non-integrable systems. This implies that scrambling is a separate concept from conventional quantum chaos characterized by non-integrability. Furthermore, we calculate TMI in disordered systems such as many-body localized (MBL) systems and the Sachdev-Ye-Kitaev (SYK) model. We find that scrambling occurs but is slow in a MBL phase, while disorder in the SYK model does not make scrambling slower but makes it smoother.
Introduction. Whether an isolated system thermalizes or not is a fundamental issue in statistical mechanics, which is related to non-integrability of Hamiltonians. In classical systems, thermalization has been discussed in terms of ergodicity of chaotic systems [1] . In quantum systems, a counterpart of classical chaos is not immediately obvious, because the Schrödinger equation is linear. Nevertheless, it has been established that there are some indicators of chaotic behaviors in quantum systems, such as the level statistics of Hamiltonians [2] [3] [4] and decay of the Loschmidt echo [5, 6] . More recently, the eigenstatethermalization hypothesis (ETH) [7] [8] [9] [10] [11] has attracted attention as another indicator of quantum chaos in many-body systems, which states that even a single energy eigenstate is thermal. All these indicators of quantum chaos are directly related to integrability of Hamiltonians; non-integrable quantum systems exhibit chaos. Such a chaotic behavior in isolated quantum systems is also a topic of active researches in real experiments with ultracold atoms [12] [13] [14] , ion traps [15] , NMR [5] , and superconducting qubits [16] .
In order to investigate "chaotic" properties of quantum many-body systems beyond the conventional concept of quantum chaos, it is significant to focus on dynamics of quantum information encoded in quantum many-body systems. How does locally-encoded quantum information spread out over the entire system by unitary dynamics? Such delocalization of quantum information is referred to as scrambling [17] [18] [19] [20] [21] . Investigating scrambling is important not only for understanding relaxation dynamics of experimental systems at hand, but also in terms of information paradox of black holes [17] , where it has been argued that black holes are the fastest scramblers in the universe [18] . However, the fundamental relationship between scrambling and conventional quantum chaos has not been comprehensively understood.
Scrambling can be quantified by the tripartite mutual information (TMI) [21, 22] , which becomes negative if quantum information is scrambled. There is also another measure of scrambling, named the out-of-time-ordered correlator (OTOC) [20, 21, [23] [24] [25] [26] [27] [28] . TMI and OTOC capture essentially the same feature of scrambling [21] , where OTOC depends on a choice of observables but TMI does not. In the context of the holographic theory of quantum gravity, TMI is shown negative [29] if the Ryu-Takayanagi formula [30] is applied, suggesting that gravity has a scrambling property. This is consistent with fast scrambling in the Sachdev-Ye-Kitaev (SYK) model [31] [32] [33] [34] [35] [36] [37] [38] , a toy model of a quantum black hole. Then, a natural question raised is to what extent such a property of quantum gravity is intrinsic to gravity or can be valid for general quantum many-body systems.
In this Letter, we perform systematic numerical calculations of real-time dynamics of TMI in quantum many-body systems under unitary dynamics, by using exact diagonalization of Hamiltonians. We consider a small system (say, a qubit) and a quantum many-body system (say, a spin chain). The information of the small system is initially encoded in the many-body system through entanglement. The many-body system then evolves unitarily, and we observe how the locally encoded information is scrambled over the entire many-body system. We note that temporal TMI has been investigated by using the channel-state duality in Ref. [21] , while we here calculate instantaneous TMI, with which we can study the role of initial states.
By studying quantum spin chains such as the XXX model and the transverse-field Ising (TFI) model with and without integrability breaking terms, we find that scrambling occurs (i.e., TMI becomes negative) for both the integrable and non-integrable systems for a majority of initial states. On the other hand, for special initial states, scrambling does not occur (i.e., TMI becomes positive) for both the integrable and non-integrable cases of the XXX model. These results clarify that scrambling is an independent property of integrability of Hamiltonians, as is consistent with recent observations on OTOC [27, 28] . This shows that scrambling does not straightforwardly correspond to conventional quantum chaos, making a sharp contrast to the level statistics and ETH.
We also consider many-body localized (MBL) systems [39] [40] [41] [42] [43] [44] [45] [46] and the SYK model in order to investigate the role of disorder. It is known that a MBL phase is not chaotic, where ETH does not hold at least in one dimension [39] . In the MBL phase of the disordered XXX model, we show that scrambling can occur but is quite slow, which is consistent with recent results on OTOC [43] [44] [45] [46] . In contrast, for the SYK model with four-body interaction of complex fermions, we find that disorder does not lead to slow dynamics but instead makes scrambling smoother than a clean case. This reveals a special characteristic of a quantumgravitational model in contrast to ordinary spin chains.
Setup. We consider either a spin-1/2 or a fermionic system on a lattice, which consists of small system A on a single site and a many-body system on L sites (Fig. 1) . The many-body system is divided into three subsystems B, C, D, whose sizes (the numbers of the lattice sites) are respectively given by 1, l, and L − l − 1. The lattice structure BCD is supposed to be one-dimensional for spin chains or all-connected for the SYK model. For a single site of a spin (fermion) system, we write |0 as the spin-up (particle-occupied) state, and |1 as the spin-down (particle-empty) state. In any case, a single qubit is on a single site.
We first prepare a product state
where |Ξ BCD is a product state with the state of each qubit being |0 or |1 (e.g., the Néel state |0 |1 |0 · · · |0 |1 or the all-up state |0 |0 · · · |0 , etc). We then apply the CNOT gate on the state (1), where the control qubit is A and the target qubit is B. By this CNOT gate, information about A is locally encoded in B through entanglement. Then, only BCD obeys a unitary time evolution with a Hamiltonian. We calculate the time dependence of TMI between A, B, C, which characterizes scrambling of the information about A that was initially encoded in B. We note that the foregoing setup is associated with a thought experiment that one of qubits of an EPR pair is thrown into a black hole and then scrambled [17] .
For one-dimensional spin chains, the general form of the Hamiltonians is given bŷ
where i and j are indices of sites, and i, j or i, j means that i and j run within nearest neighbor (n.n.) or next nearest neighbor (n.n.n.), respectively. The Pauli matrices for a spin are written as σ α i (α = x, y, z), and we define σ i := (σ x i , σ y i , σ z i ). J (> 0) and J (≥ 0) are coupling strengths of exchange interactions for n.n. and n.n.n. respectively, and h i is a random magnetic field and is generated uniformly from [−h, h] (h ≥ 0). In the following, we focus on three cases: integrable (J = h = 0), non-integrable (J > 0, h = 0), and disordered (J = 0, h > 0).
We next consider quantum-information contents. Let X, Y, Z be subregions of the lattice (i.e., subsets of the lattice sites). The bipartite mutual information (BMI) is defined as I 2 (X : Y) := S X + S Y − S XY , where S X := tr X [−ρ X lnρ X ] is the von Neumann entropy of a reduced density operatorρ X := tr X c [ρ] with X c being the complemental set of X. Then, TMI is defined by [21, 22] 
Here, TMI is negative when I 2 (X : Y) + I 2 (X : Z) < I 2 (X : YZ), which implies that information about X stored in composite YZ is larger than the sum of the amounts of information that Y and Z have individually; information about X is delocalized to Y and Z in such a case. To illustrate the meaning of TMI, let us consider three classical bits x, y, z and the following situations: (i) I 3 (x : y : z) = − ln 2, if x = y ⊕ z and y, z are independent and random, where ⊕ describes the binary sum. In this case, neither y nor z is individually correlated with x, but composite yz is maximally correlated with x.
(ii) I 3 (x : y : z) = 0, if x, y, and z are all independent and random. In this case, there is not any correlation between x, y, and z.
(iii) I 3 (x : y : z) = ln 2, if x = y = z and x is random. In this case, the three bits form the maximum threebody correlation. While these examples are classical, a similar argument applies to quantum situations. Scrambling and integrability. We now discuss scrambling in the XXX model without disorder. We first consider a non-integrable case with J = 0.8J and h = 0 in Eq. (2), where the parameters are taken so that the level statistics is the Wigner-Dyson distribution [4] , implying that the system is fully chaotic in the sense of conventional quantum chaos. Figure 2 shows the time dependence of TMI with the initial state being (a) Néel or (b) all-up, along with BMI I 2 (A : BC) (inset). At initial time t = 0, BMI is given by 2 ln 2 because of the entanglement between A and B. As time increases, BMI decays for all the cases. In (a), the decay is much smoother, where BMI saturates at zero for l = 1 and at ln 2 for l = L/2 − 1. These are consistent with the behaviors of TMI as discussed below. Figure 2 (a) shows that TMI becomes negative for the initial Néel state, implying scrambling. For l = 1, TMI decreases from zero, goes through a minima, and gradually returns to zero. This means that information is scrambled inside ABC in a short time regime, and then completely disappears from BC in a longer time regime, which is consistent with the behavior of BMI. For l = L/2 − 1, TMI monotonically decreases and saturates at a negative value. This means that information is scrambled but is not totally lost from BC even in a long time regime, which is again consistent with the behavior of BMI. On the other hand, as shown in Fig. 2 (b) , TMI is positive when the initial state is all-up. In this case, information is not scrambled but a small-body correlation forms among A, B, and C.
We next discuss the integrable case with J = h = 0 in Eq. (2) . Figure 3 shows the time dependence of TMI for the initial state being (a) Néel or (b) all-up. The qualitative behavior of TMI is similar to the non-integrable case; scrambling occurs in (a) but does not in (b). We note that we do not observe recurrence induced by integrability, because our system size is sufficiently large.
We therefore conclude that scrambling occurs independently of integrability. We have also calculated TMI for the TFI model with and without integrability breaking terms. The numerical results are shown in Supplemental Material, where scrambling occurs for both the integrable and non-integrable cases and for both the Néel and all-up initial states. This again supports the above conclusion.
To study the initial-state dependence of scrambling more systematically, we calculated the XXX model with all possible product states |Ξ BCD . We label 2 L product states by bit sequences from |000 · · · 0 to |111 · · · 1 . Figure 4 shows the initial-state dependence of the maximum and minimum values of TMI in 0 ≤ Jt < 8, written as I max 3 and I min 3 respectively, for (a) non-integrable and (b) integrable cases. The horizontal axis shows the labels of |Ξ BCD in decimal. While scrambling occurs (I min 3 < 0) for most of the initial states, there are only four initial states with which scrambling does not occur (I min 3 = 0) for both of (a) and (b). These four states are |0 |0 |0 · · · |0 , |1 |0 |0 · · · |0 , |0 |1 |1 · · · |1 , and |1 |1 |1 · · · |1 . We remark that |0 |0 |0 · · · |0 and |1 |1 |1 · · · |1 are energy eigenstates and therefore do not change in time, which would lead to simple dynamics where scrambling does not occur.
Many-body localization. We next consider the disordered XXX model (J = 0 and h > 0 in Eq. (2)). Figure 5 shows the time dependence of TMI with the initial Néel state for (a) h = J (ergodic phase) and (b) h = 10J (MBL phase), where the ensemble average is taken over 256 samples and the error bars represent the standard deviations over the samples. Figure 5 (a) is qualitatively the same as the clean cases ( Fig. 2 (a) and Fig. 3 (a) ). Figure 5 (b) shows that the time scale of scrambling is similar to the clean case for l = 1, but is quite longer for l = L/2 − 1. This is consistent with phenomenology of MBL that interaction between local integral of motions decays exponentially in space [41] . In fact, information can rapidly be scrambled in ABC if C is small, while scrambling should be quite slow if C is large because of the exponentially decaying interaction. We have also calculated TMI with the initial all-up state (see Supplemental Material), where scrambling does not occur in both the ergodic and the MBL phases.
Sachdev-Ye-Kitaev model. Last but not least, we consider the SYK model [31] [32] [33] [34] [35] [36] [37] [38] with complex fermions:Ĥ
where c † i (c i ) is the creation (annihilation) operator of a fermion at site i. The coupling in the SYK model is all-to-all and four-body (4-local), and random: J ij;kl is sampled from the complex Gaussian distribution with variance J 2 , satisfying J ij;kl = −J ji;kl = −J ij;lk = J * lk;ji . We also consider a clean SYK model without disorder (i.e., J ij;kl ≡ J for i > j, k > l) in order to clarify the role of disorder. Figure 6 (a) shows the time dependence of TMI for the SYK model with the random coupling, where the initial state is Néel and the ensemble average is taken over 128 samples. In particular, TMI for l = L/2 − 1 monotonically decreases to a negative steady value. This smooth decrease is contrastive to the case of the clean SYK model shown in Fig. 6 (b) , where scrambling occurs but TMI exhibits large temporal fluctuations. We note that, for typical disordered cases that are also shown in Fig. 6 (b) , scrambling is smoother even without taking the ensemble average. Therefore, disorder enhances scrambling in the case of the fermionic SYK model, as opposite to the case of MBL of spin chains. We have also calculated TMI with the initial all-up state, where again scrambling does not occur for both the disordered and clean cases.
Concluding remarks. We have systematically investigated scrambling dynamics of quantum information in isolated quantum many-body systems, where we have adopted TMI as a measure of scrambling. We summarize the foregoing results in Table I . What is crucial for whether scrambling occurs or not is the initial state, while integrability does not matter. Such initial-state dependence is shown in Fig. 4 for the XXX model, where an overwhelming majority of initial states exhibit scrambling for both the integrable and non-integrable cases. We have also investigated the role of disorder, and verified that disorder makes scrambling slower in a MBL phase of a spin chain, while disorder rather makes scrambling smoother in the SYK model. Therefore, we can conclude that scrambling is a ubiquitous phenomenon in quantum many-body systems, and disorder enhances scrambling in a quantum-gravitational model with fermions.
In this work, we have mainly focused on whether scrambling occurs or not. More quantitative understanding of scrambling (e.g., whether or not scrambling time depends on integrability in general) is an important future issue.
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Transverse field Ising model
The Hamiltonian of the transverse field Ising (TFI) model is given bŷ
The transverse and longitudinal magnetic fields are h x = J and h z = 0 for an integrable case, and are h x = 2.1J and h z = 1.1J for a non-integrable case. Figures S2 and S3 show the time dependence of BMI and TMI for the TFI model, respectively. Figure  S3 shows that scrambling occurs independently of integrability or the initial state. 3 Disordered systems 3.1 MBL systems Figure S4 shows the time dependence of BMI in the disordered XXX model with the initial Néel state. In the MBL phase (Fig. S4(b) ), BMI decays quite slowly. Figure S5 shows the time dependence of BMI and TMI for the disordered XXX model with the initial all-up state. As shown in Fig. S5 (c) and (d), scrambling does not occur both in the ergodic and MBL phases. Figure S6 shows the time dependence of BMI for the disordered SYK model with the initial Néel state. Figure S7 shows the time dependence of BMI and TMI for the disordered SYK model with the initial all-up state. As shown in Fig. S7 (b) , scrambling does not occur as TMI is positive. 
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